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Effective interactions can be obtained from a renormalization group analysis in two complementary ways.
One can either explicitly integrate out higher energy modes or impose given conditions at low energies
for a cut-off theory. While the ﬁrst method is numerically involved, the second one can be solved almost
analytically. In both cases we compare the outcoming effective interactions for the two nucleon system
as functions of the cut-off scale and ﬁnd a strikingly wide energy region where both approaches overlap,
corresponding to relevant scales in light nuclei Λ 200 MeV. This amounts to a great simpliﬁcation in
the determination of the effective interaction parameters.
© 2013 The Authors. Published by Elsevier B.V. Open access under CC BY license.1. Introduction
Since half a century ago the idea of effective interactions has
been strongly pursued after the pioneering works by Goldstone [1],
Moshinsky [2] and Skyrme [3]. They suggested to use this notion
to cut down the complexity of the Nuclear Many Body Problem
due to strong short range repulsion which arises when nucleon–
nucleon (NN) interactions are probed at suﬃciently high energies.
Effective interactions were proﬁtably exploited in the mid 70’s [4]
and have reached a high degree of sophistication (for a review
see e.g. [5]). A very recent compilation of parameters is given in
Ref. [6] displaying a huge diversity, somewhat reﬂecting the dis-
parate phenomena which are used to ﬁx the effective Hamiltonian,
but remarkably exhibiting no link to the fundamental two-body in-
teraction. In a recent work [7] (see also [8]) a model independent
and implicit way of determining the effective interactions from NN
low energy scattering data has been suggested. They depend on
the minimal de Broglie wavelength between nucleons in a ﬁnite
nucleus, a trend consistent with ﬁtting coarse grained NN interac-
tions [9] to ﬁxed upper center of mass (CM) momenta [10].
In the last decade there has been an intense reformulation of
the Nuclear Many Body Problem inspired by the Wilsonian renor-
malization group ideas providing an alternative approach to the
determination of effective interactions [11–13] (for reviews see
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ﬁnite cut-off counterterms [17]. This framework takes advantage
of the proper momentum scale resolution or cut-off Λ, separat-
ing explicitly what degrees of freedom and interactions behave
dynamically below that scale. The requirement that observables
should be cut-off independent determines the implicit Λ depen-
dence of the effective interaction. A direct and explicit way to
achieve such interaction uses the Similarity Renormalization Group
(SRG) method with a block-diagonal generator whence an effective
hermitian phase-equivalent interaction is derived [18].
In the present Letter we analyze the Block-Diagonal Similar-
ity Renormalization Group (BD-SRG) scheme [18] as applied to
the two body problem. This allows to implement by a contin-
uous and unitary evolution in a momentum-dimension auxiliary
parameter λ, referred to as the SRG-cutoff, a block-diagonal separa-
tion of the Hilbert space in two orthogonal (decoupled) subspaces
H=HP ⊕HQ which are below or above Λ respectively. The evo-
lution runs from λ = ∞ (the ultraviolet limit) to λ = 0 (the infrared
limit) and interpolates between a bare Hamiltonian, Hλ=∞ , and the
block-diagonal one Hλ=0 in a unitary way Hλ=0 = UHλ=∞U †. This
is the unitary implementation [18] to all energies of the previously
proposed V low k-approach [11] where the higher energy states are
missing, and in practice a free theory was assumed above the en-
ergy determined by the momentum cut-off Λ, hence generating a
truncation error. For the rest of the Letter we will refer to this Λ
as the V low k-cutoff to be identiﬁed with the block-diagonal SRG
one. We emphasize that a complete Hilbert space separation cor-
responds to the limit λ → 0.
Although this block-diagonal scheme solves the problem as a
matter of principle, SRG equations are differential equations in the
SRG-cut-off λ for unbound operators deﬁned on the Hilbert space,.
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most cases however, SRG equations must be numerically posed on
a ﬁnite N-dimensional momentum grid, pn , and the differential
equations require a further grid in the SRG-cut-off λi which intro-
duces two infrared resolution scales pn and λi . In the BD-SRG
equations Λ takes values on the momentum grid pn . The interplay
among these scales makes the limit λ  p, Λ numerically stiff
and computationally expensive. We will show that this infrared
behaviour is best reproduced by directly using low energy scat-
tering data in the continuum and, most remarkably, that effective
interactions are accurately determined this way in a wide cut-off
range.
2. Bare and effective interaction
We review brieﬂy the renormalization problem for the two-
nucleon system from a Wilsonian point of view to introduce our
notation in a way that our results can be easily stated (see e.g.
Ref. [20] for an alternative set up). To motivate the discussion
let us consider NN scattering, where one solves the Lippmann–
Schwinger (LS) equation for the bare potential V . Taking the case
of S-waves we have for the half-off-shell K -matrix,
K
(
p′, p
)= V (p′, p)+ 2
π
∞
−
∫
0
dq
q2V (p′,q)
p2 − q2 K (q, p) (1)
where K (p′, p) is the reaction matrix which relation to the phase-
shifts is given by
tan δ(p)
p
= −K (p, p). (2)
The effective interaction VΛ(p′, p) corresponds to a self-adjoint
operator, VΛ(p′, p) = VΛ(p, p′)∗ , acting in a reduced model
Hilbert space with p, p′ Λ and fulﬁlls
KΛ
(
p′, p
)= VΛ(p′, p)+ 2
π
Λ
−
∫
0
dq
q2VΛ(p′,q)
p2 − q2 KΛ(q, p). (3)
Using the similar deﬁnition of Eq. (2) we get
δΛ(p) = δ(p)Θ(Λ − p). (4)
The idea is that by using this truncation one can work in a smaller
space, without explicit reference to high energy states. This does
not provide a unique deﬁnition of the effective interaction, so an
auxiliary condition must be speciﬁed. In the original V low k ap-
proach [21] the half-off shell T-matrix was ﬁxed to the bare one,
a procedure which did not guarantee a self-adjoint operator, and
hence a subsequent hermitization procedure was required. In the
BD-SRG approach [18] the hermiticity is preserved along the SRG
evolution.
The SRG method does not specify what the bare interaction
should be and is usually taken as a realistic potential which ﬁts NN
data up to pion-production threshold, Λ 
√
mπMN ∼ 400 MeV.
This introduces a long high momentum tail due to the short range
repulsion which complicates the numerical convergence when
solving the SRG ﬂow equations. For illustration purposes we take
as the bare interaction the simple separable potential for the NN
S-waves
Vα
(
p, p′
)= Cα gα(p′)gα(p), α = 1S0, 3S1 (5)
leading to the phase-shiftsTable 1
Model parameters for the gaussian separable potential Vα(p′, p) =
Cαe−(p
2+p′ 2)/L2α used in the calculations.
Parameter α0 r0 C L
Units (fm) (fm) (fm) (fm−1)
1 S0 −23.74 2.77 −1.9158 0.6913
3 S1 5.42 1.75 −2.3006 0.4151
Fig. 1. 1 S0 (solid) and 3 S1 (dotted) phase-shifts in degrees for the separable poten-
tial and compared with the Effective Range Expansion to second order (dashed) as
a function of the CM momentum (in fm−1).
p cot δα(p) = − 1
Vα(p, p)
[
1− 2
π
∞
−
∫
0
dq
q2
p2 − q2 Vα(q,q)
]
= − 1
α0
+ 1
2
r0p
2 + v2p4 + · · · (6)
where in the last line a low momentum Effective Range Expan-
sion (ERE) has been carried out and the scattering length α0, the
effective range r0 and the v2 parameter have been introduced. Pa-
rameters in Eq. (5) are adjusted to reproduce α0 and r0 which
for a gaussian form factor gα(p) = e−p2/L2 are listed in Table 1.
The resulting phase-shifts are presented in Fig. 1 together with the
ERE results, which reproduce well data up to p ΛERE ∼ 100 MeV.
While they only resemble NN phase-shifts of the most recent Par-
tial Wave Analysis [22] at low momenta, these two channels illus-
trate Levinson’s theorem that δ(0)−δ(∞) = nπ with n the number
of bound states and n1 S0 = 0 and n3 S1 = 1. The pole of the 3S1
scattering amplitude at p = iγ = i0.2314 fm−1 gives a satisfactory
deuteron binding energy Ed = −γ 2/M = −2.22 MeV.
3. Explicit renormalization: block diagonal evolution
The SRG method developed by Glazek and Wilson [23,24] and
independently by Wegner [25] (for a review see e.g. [26]) is based
on a non-perturbative ﬂow equation that governs the unitary evo-
lution of a hamiltonian H = Trel + V with a ﬂow parameter s that
ranges from 0 to ∞,
dHs
ds
= [ηs, Hs], (7)
where ηs = [Gs, Hs] is an anti-hermitian operator that generates
the unitary transformations. We take the block-diagonal SRG gen-
erator [18] given by
Gs = HBDs ≡
(
P Hs P 0
0 Q HsQ
)
, (8)
where P and Q = 1− P are projection operators. The ﬂow param-
eter s has dimensions of [energy]−2 and in terms of a similarity
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(0)
2 and C
(2)
2 for the contact theory in the continuum regulated by a sharp momentum cutoff for the
1 S0 channel and the 3 S1 channel. The parameters are
determined from the solution of the LS equation for the on-shell K -matrix by ﬁtting the ERE parameters.cutoff λ with dimension of momentum is given by the relation
s = λ−4. The ﬂow equation is to be solved with the boundary con-
dition Hs|s→s0 ≡ Hs0 . Using that Trel is independent of s, we obtain
dVs
ds
= [ηs, Hs]. (9)
In a partial-wave relative momentum space basis, the projection
operators are determined in terms of a momentum cutoff scale Λ
that divides the momentum space into a low-momentum P -space
(p < Λ) and a high-momentum Q -space (p > Λ),
P ≡ θ(Λ − p); Q ≡ θ(p − Λ). (10)
The potential Vs can be written as,
Vs ≡
(
P Vs P P VsQ
Q Vs P Q VsQ
)
. (11)
By choosing the block-diagonal generator, the matrix-elements in-
side the off-diagonal blocks P VsQ and Q Vs P are suppressed as
the ﬂow parameter s increases (or as the similarity cutoff λ de-
creases), such that the hamiltonian is driven to a block-diagonal
form,
lim
λ→0 Vλ = P V low kP + Q Vhigh kQ =
(
V low k 0
0 Vhigh k
)
. (12)
Thus, in the limit λ → 0 the P -space and the Q -space become
completely decoupled. Thus, while unitarity implies δλ(p) = δ(p)
for any λ one has
lim
λ→0 δλ(p) = δlow k(p) + δhigh k(p) (13)
where δlow k(p) = δ(p)θ(Λ − p) and δhigh k(p) = δ(p)θ(p − Λ) are
the phase shifts of the V low k and Vhigh k potentials respectively
(see Eq. (4)).
4. Implicit renormalization: low cut-off evolution
At low cut-offs Λ we may approximate the hermitian effective
interaction by a polynomial,
VΛ
(
p′, p
)= C0 + C2(p2 + p′ 2)
+ C4
(
p4 + p′ 4)+ C ′4p2p′ 2 + · · · , (14)
where C0,C2,C4,C ′4, . . . are real coeﬃcients depending on Λ to
be determined. This corresponds to an Effective Field Theory (EFT)
with contact interactions only. We expect Eq. (14) to hold up to
p, p′  ΛERE. Using the potential of Eq. (14) the LS equation (3)
reduces to a system of algebraic equations which solution is wellknown (see e.g. Ref. [21]). At lowest leading order (LO) we just
keep the leading term C0 and get
C0(Λ) = α0
1− 2Λα0π
, (15)
showing that limΛ→0 VΛ(0,0) = α0. Going to next-to-leading or-
der (NLO) we obtain
− 1
α0Λ
= 4(−2c
2
2 + 90π4 + 15(3c0 + 2c2)π2)
9π(c22 − 10c0π2)
,
r0Λ = 16(c
2
2 + 12π2c2 + 9π4)
π(c2 + 6π2)2 −
12c2(c2 + 12π2)
(c2 + 6π2)2
1
α0Λ
+ 3c2π(c2 + 12π
2)
(c2 + 6π2)2
1
α20Λ
2
, (16)
where c0 = 4πΛC0, c2 = 4πΛ3C2. In the second equation we have
eliminated C0 in terms of α0. This leads for any cut-off Λ to the
mapping (α0, r0) → (C0,C2). At this level of approximation there
are two branches and we choose the one consistent with the LO
one for Λ → 0, see Eq. (15) and Fig. 2. We will denote LO by C (0)0
and NLO by C (2)0 and C
(2)
2 . One should note that in the case of the
3S1 channel C
(0)
0 is singular and the derivatives of C
(0)
2 and C
(2)
2 are
discontinuous at Λ = π/2α0 ∼ 0.3 fm−1, which is the momentum
scale where the deuteron bound-state appears. The strong resem-
blance of both 1S0 and 3S1 at the scales around Λ ∼ 1 fm−1 is just
a reminiscent of the SU(4) Wigner symmetry for the two-nucleon
system [7,27–29].
One can in principle improve by including more terms beyond
second order in Eq. (14). The problem is that there are two such
terms C4 and C ′4 [21] but there is only one low energy parame-
ter in the ERE, v2 in Eq. (6). This is so because scattering does not
depend just on the on-shell potential. Thus, the implicit renormal-
ization is not unique beyond NLO. This is just a manifestation of
the ambiguities of the inverse scattering problem which can only
be ﬁxed after three or higher body properties are taken into ac-
count.1 Clearly, and even for the C0 and C2 coeﬃcients, increasing
Λ values one starts seeing more high energy details of the theory.
Even at NLO the question is how small must be the cut-off
scale so that Eq. (14) works. There is a maximum value ΛWB for
the cutoff scale Λ above which one cannot ﬁx the strengths of
1 Actually from a dimensional point of view the two-body operators with four
derivatives are suppressed as compared to contact three body operators. The off-
shellness of the two body problem can be equivalently be translated into some
three-body properties [30].
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(2)
2 by ﬁtting the experimental
values of both the scattering length α0 and the effective range r0
while keeping the renormalized potential hermitian. This limit cor-
responds to the Wigner causality bound realized as an off-shell
unitarity condition [21,31]. Indeed, for Λ > ΛWB ∼ 1.9 fm−1 in
the case of the 1S0 channel and Λ > ΛWB ∼ 2.4 fm−1 in the case
of the 3S1 channel, the parameters C
(0)
2 and C
(2)
2 diverge before
taking complex values and hence violating the hermiticity of the
effective potential in Eq. (14).
5. Numerical results
The block-diagonal-SRG equations, Eq. (9), have to be solved nu-
merically on a momentum grid with N-points yielding 4×N2 non-
linear ﬁrst order coupled differential equations. Furthermore, an
auxiliary numerical cut-off Pmax = Np must also be introduced.
It is interesting to test the space dimensions needed to solve the
contact theory close to the continuum. This is shown in Fig. 3
where one sees that large N is needed to reproduce the continuum
limit. We will set N = 50 and Pmax = 5 fm−1 to our SRG calcula-
tions, solve the system of 4 × N2 non-linear ﬁrst-order coupled
differential equations by using an adaptative ﬁfth-order Runge–
Kutta algorithm as in Ref. [31] and compare the results to the
contact interaction with the same N and Pmax. We check unitar-
ity by comparing phase-shifts along the λ evolution, δλ(p) = δ(p).
The sharp momentum projectors in Eq. (10) may be regularized as
smooth projectors [32] (Q ≡ 1− P )
P = Θ(Λ − p) = lim
n→∞ e
−(p/Λ)n , (17)
and we will take the values n = 2,4,8,16 to check convergence.
We want to compare the running of the coeﬃcients C0 and C2
with the cut-off Λ in the contact theory potential at NLO to
the running of the corresponding coeﬃcients C˜0 and C˜2 with the
V low k cutoff (≡ Λ) extracted from a polynomial ﬁt of the BD-SRG-
evolved gaussian potential,
Vλ,Λ
(
p, p′
)= C˜0 + C˜2 (p2 + p′ 2)+ · · · . (18)
The parameters C and L in the initial gaussian potential (λ,Λ →
∞), deﬁned by Eq. (5), and the coeﬃcients C0 and C2 in the con-
tact theory potential at NLO are determined from the solution of
the LS equation for the K -matrix on the ﬁnite momentum grid
by ﬁtting the experimental values of the scattering length α0 and
the effective range r0. The coeﬃcients C˜0 and C˜2 are determined
by ﬁtting the diagonal matrix-elements of the BD-SRG-evolved po-
tential for the lowest momenta with the polynomial form and the
ﬁnite momentum grid.2
In Fig. 4 we show the results for C˜0 and Λ2C˜2 extracted from
the 1S0 channel and the 3S1 channel BD-SRG-evolved gaussian po-
tentials on a grid (with N = 50 gauss points and Pmax = 5 fm−1)
and down to the lowest SRG cutoff λ = 0.1 fm−1, compared to C0
and Λ2C2 obtained for the contact theory potential at NLO (on the
same grid) regulated by a smooth exponential momentum cutoff
with sharpness parameter n = 16. As we see, there is a remarkably
good agreement between the coeﬃcients extracted from the BD-
SRG-evolved potential and those obtained for the contact theory in
the limit λ → 0.
It is important to point out that the agreement between the
running of the coeﬃcients C0 and C2 in the contact theory poten-
tial and the running of the coeﬃcients C˜0 and C˜2 extracted from
2 Actually, looking for a ﬁducial region to extract C0 and C2 in the explicit
method when Λ  ΛERE requires allowing for higher order polynomial contribu-
tions.the BD-SRG-evolved gaussian potential as the similarity cutoff λ
decreases below Λ can be traced to the decoupling between the
P -space and the Q -space, which follows a similar pattern. Thus,
in the limit λ → 0 we expect to achieve a high degree of agree-
ment for cutoffs Λ up to ΛWB determined by the Wigner bound
for the contact theory.
The overlap between the discretized explicit and implicit nu-
merical solutions is veriﬁed in a wide range of cut-offs Λ. If
continuum accuracy was to be judged from the slow convergence
pattern of Fig. 3, the equivalent BD-SRG calculations would be out
of question. Thus, the continuum limit p → 0 is better and more
simply represented by the implicit approach.
For the 1S0 and 3S1 neutron–proton scattering states this range
is within 0.5 fm−1  Λ  1.5 fm−1. This is a welcome feature,
since it suggests that the bulk of the effective interaction and its
scale dependence can directly be extracted from low energy NN
data, as done in Ref. [7], where the Skyrme force parameters de-
ducible solely from the NN interaction in S- and P-waves were
determined.
It is interesting to determine the role played by OPE in the
implicit method in the cut-off range around Λ ∼ mπ but below
pion production threshold Λ 
√
mπMN as OPE is an indispens-
able ingredient of realistic bare interactions (see e.g. Ref. [33]).
According to the recent Partial Wave Analysis of Ref. [22] of about
8000 pp and np data, OPE is the only needed contribution for r >
3 fm. If one separates the initial condition as Vλ=∞ = Vr3 fm +
V1π,r3 fm ≡ V S + V L one has V L ≡ V1π,r3 fm 
 V S ≡ Vr3 fm
and one can attempt a perturbative expansion of the block-SRG
evolved potential. Thus, evolving the full V and just V S we ﬁnd
from Eq. (9) that P V low kP = P V S,low kP + P V L P +O(V 2L ). Using
the δ-shell representation of Ref. [22] we get that the accuracy
of this perturbation theory in the 1S0 channel is indeed small;
O(V 2L )  10−2 fm for 2.1  Λ  0.5 fm−1 at p, p′  Λ. This sug-
gests that the unevolved (and Λ-independent) long distance OPE
piece (r  3 fm) remains small after evolution and this contribu-
tion can be treated perturbatively. A more complete analysis of this
important issue will be presented elsewhere.
The block diagonal SRG reduces the model space but also in-
duces a truncation error for decreasing Λ. The SRG evolves the
bare hamiltonian to a lower similarity cutoff λ. Due to the unitar-
ity, the SRG evolution to a lower similarity cutoff λ preserves the
EFT truncation errors for a given V low-k cutoff Λ.
We have shown with a simple example the situation with
S-waves. Higher partial waves, such as P-waves are in better shape.
The scale saturation displayed by the implicit method in Ref. [7]
becomes more pronounced in this case (see Eq. (12) in that pa-
per). It remains to be seen what is the actual situation when the
implicit method is applied to interactions describing NN scattering
data to higher energies. Work along these lines is in progress.
6. Conclusions
While the effective interaction idea is very appealing there is
no unique way to deﬁne it; its deﬁnition depends on how are the
high and low energies separated and what is the relevant energy
scale cut-off. Within a given scheme, however, the cut-off scale de-
pendence of effective interactions representing a given bare inter-
action in a model space can be carried out in two complementary
ways: either explicitly from a block-diagonal SRG transformation
or implicitly by using scattering data and renormalization condi-
tions. Although the complementarity of both explicit and implicit
views of the renormalization procedure is often invoked on general
grounds, we note that it is seldomly tested within the present con-
text of nuclear effective interactions. As we have shown such a test
requires to pin down the numerics in a ﬁnite momentum grid with
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NLO. For comparison, we also show the corresponding
S equation for the on-shell K -matrix by ﬁtting the EREFig. 3. C (2)0 and C
(2)
2 for the contact theory on a grid regulated by a smooth exponential momentum cutoff for the
1 S0 channel and the 3 S1 channel NN potentials at
C (2)0 and C
(2)
2 for the contact theory in the continuum regulated by a sharp momentum cutoff. In both cases the parameters are determined from the solution of the L
parameters.
E. Ruiz Arriola et al. / Physics Letters B 728 (2014) 596–601 601Fig. 4. C0 and C2 as a function of the block-diagonal cutoff Λ extracted from the 1 S0 and 3 S1 channels gaussian potential on a grid (with N = 50 gauss points and
Pmax = 5 fm−1) evolved through the SRG transformation with the block-diagonal generator for the lowest SRG cutoff λ = 0.1 fm−1. For comparison, we also show C0 and C2
for the 1 S0 and 3 S1 channels contact theory potential at NLO (on the same grid) regulated by a smooth exponential momentum cutoff with n = 16.suﬃcient accuracy making the explicit BD-SRG method computa-
tionally expensive and impractical. At low energies effective inter-
actions and their scale dependence are just given by counterterms
evaluated for ﬁnite cut-offs. We ﬁnd a remarkably wide range of
cut-offs where this complementarity holds in a model independent
way. This suggests that the implicit renormalization approach may
be a simpler, more accurate and direct method to determine the
effective interaction than the explicit and traditional method based
on numerically integrating the operator SRG ﬂow equations using
as initial condition a phenomenological bare interaction ﬁtted to
NN scattering data below pion production threshold. Another re-
lated issue is the role played by three-, four-body etc. properties
in the deﬁnition of two body effective interactions as this becomes
necessary for a truly model independent formulation of effective
interactions.
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